The foreshock plasma exhibits large-amplitude disturbance in the plasma density and the magnetic field. The question of the density response to the magnetic field fluctuation is addressed and studied observationally and statistically using the in situ Cluster spacecraft data of the foreshock plasma. Three major findings are obtained. First, the density response is unique to the magnetic field fluctuation and is of the fast magnetosonic mode type. Second, the density response to the total magnetic energy density (simply subtracting by the mean field) exhibits a clear scaling to the beta-tilde parameter defined as the squared ratio of the sound speed to the Alfvén speed. We interpret that the total fluctuations mostly represent linear-mode waves, and the scaling law has a potential application to estimate the plasma parameter beta using the fluctuation data of the density and the magnetic field only. Third, the density response to the nonlinear (or large-amplitude) magnetic field fluctuation has a weak agreement with the theoretical expectation from the quasi-static balance with a larger degree of scattering in the data. We conclude that the foreshock plasma overall exhibits the linear-mode waves (fast mode) and a moderate degree of nonlinear fluctuations. The concept of the quasi-static balance is partly justified and applicable in the foreshock plasma. 
Origin of density fluctuations in space plasma
Density fluctuations appear in various space plasma environments and are often accompanied by magnetic field fluctuations. Naively speaking, the sense of the density fluctuation can be correlated to that of the magnetic field fluctuation like in the fast magnetosonic mode or anticorrelated like in the slow mode or in the mirror mode. Various mechanisms are possible to cause the density fluctuations in association with the magnetic field, e.g., linear mode waves (magnetohydrodynamic waves), kinetic instabilities (mirror mode under temperature anisotropy), beating or modulation of the wave, ponderomotive force (pinching of the plasma by large-amplitude fluctuation), and shock and shocklet formation.
Above all, the hypothesis of quasi-static balance or quasi-static approximation offers a unified view of the density fluctuation such that fast magnetosonic mode (or a positive) correlation sense is realized in a lowbeta plasma, and the slow mode (or a negative) correlation sense in a high-beta plasma through the following relation: which was first introduced by Cohen and Kulsrud (1974) and later revisited by Hada (1993) , where δn denotes the number density fluctuation, n 0 the mean density, δB 2 nl the nonlinear fluctuation of the squared magnetic field magnitude (which is a measure of the magnetic energy density), B 0 the mean magnetic field magnitude, c s the sound speed, and V A the Alfvén speed.
The notion of the quasi-static balance is a useful tool and an important subject in the theory of derivative nonlinear Schrödinger equation (DNLS) describing largeamplitude parallel-propagating Alfvén waves to the mean magnetic field (Mjølhus 1974 (Mjølhus , 1976 Spangler 1986 Spangler , 1990 Narita and Hada Earth, Planets and Space (2018) 70:171 (Nariyuki and Hada 2005) . DNLS is also extended to including kinetic effects (Medvedev and Diamond 1996; Medvedev et al. 1997 ).
Here we present for the first time a systematic and statistic observational study of the density response to the magnetic field fluctuation in the foreshock plasma. The study is performed in the spirit of testing for the quasi-static balance against in situ plasma and magnetic field data in nearEarth space. The foreshock plasma is a turbulent plasma upstream of the Earth (or planetary) bow shock. The foreshock plasma is connected to the bow shock by the magnetic field lines such that the shock-reflected ions stream backward against the solar wind flow and excite low frequency waves through the right-hand resonant ion beam instability or component/component instability (Gary 1991 (Gary , 1993 . Even though the driving mechanism of the waves is a kinetic process (beam instability associated with an unstable distribution function in the particle velocity space), the excited waves have sufficiently low frequencies in the frame of the thermal or core component of the plasma, lower than the ion gyro-frequency.
The foreshock waves are typically observed at a period of about 30 s in the spacecraft frame of reference (Greenstadt et al. 1995) . The foreshock region serves as a natural laboratory for studying the nonlinear behavior of largeamplitude parallel-propagating waves. The earlier study by Stasiewicz et al. (2003) revealed the association of the density fluctuation with the magnetic field fluctuation in the bow shock or the shocklet structure, to be more exactly (Stasiewicz et al. 2003) . To our knowledge, on the other hand, there is no earlier study which directly tackles on the relation between the density variation and that of the magnetic energy in the foreshock region in view of quasi-static approximation. Technically speaking, it is novel to study the correlation sense for the two fluctuating fields in association with the beta dependence systematically and statistically.
Data set and analysis method

Cluster spacecraft in the foreshock
The fluctuation sense is studied using the ion number density data and the magnetic field data from two Cluster spacecraft, Cluster-1 and Cluster-3, in the Earth foreshock region for a time period from 2 February 2002 to 31 May 2002. Two Cluster spacecraft are used for an enhanced statistical confidence. Cluster spacecraft (Escoubet et al. 2001) has an apogee of about 20 Earth radii ahead of the Earth (and ahead of the Earth bow shock). The Cluster orbits are ideal to study the foreshock plasma. The ion number density is measured by Cluster Ion Spectrometry instrument (CIS) (Rème et al. 2001 ) at a time resolution of spacecraft spin (about 4 s). The magnetic field is measured by Fluxgate Magnetometer (FGM) (Balogh et al. 2001 ) at a time resolution of about 22 Hz. For the sake of the fluctuation sense analysis, the both data are time-synchronized to a 4-s resolution either by interpolation (for the density data) or by down-sampling through averaging (for the magnetic field data). We use the single spacecraft method. Two spacecraft data are used to improve the degree of freedom or the ensemble size in the statistical study. The averaging is made over the time domain on the time averaging is representative of the statistical averaging. Plasma beta parameter is determined by using the parallel and perpendicular ion temperatures obtained from the CIS experiment. The data for the electrons are not available on spacecraft C-1 and C-3. We assume the quasi-neutrality of plasma holds well with the time resolution of 4 s. Estimate of the beta parameter is restricted to the ion measurements. Variation in (unmeasured) electron temperature may introduce a change in the beta parameter that is relevant to the test for the quasi-static approximation.
Cluster orbit period is about 60 h, corresponding to 10 encounters of the foreshock region per month. The foreshock region is identified in the Cluster data by imposing the following conditions: (1) existence of the back-streaming ions in the ion energy spectra (using CIS data), (2) large-amplitude disturbance (using FGM data), (3) foreshock interval bounded by the bow shock crossing and the solar wind period. A sufficiently long time interval is split into a multitude of 40-min subintervals with a time separation of 2 h from one to another. The event list is a refinement of that used in the earlier foreshock wave studies (Narita et al. 2004 (Narita et al. , 2007 . The number of data points on each interval is set to 600 (equivalent to 40-min data length), with which the standard error estimate in the statistical analysis can be suppressed down to about 4% of the mean value estimate (using a scaling of the standard error, N −1/2 , where N denotes the degree of freedom in ensemble averaging). After the data survey, 25 foreshock intervals with a time length of 40 min are identified and registered into the foreshock event list.
Fluctuation sense analysis
The data analysis procedure takes the following steps.
1. Time series data for the ion number density n i and the squared magnetic field magnitude B 2 are transformed into the relative fluctuation amplitude to the mean field as δn i /n i0 = (n i − n i0 )/n i0 for the density data and δB 2 t /B 2 0 = (B 2 − B 2 0 )/B 2 0 for the magnetic field data. The subscript "t" denotes the total fluctuation field. Hereafter, the fluctuation is referred to as the total fluctuation in the sense that both linear-mode and nonlinear fluctuations are included in the data.
2. Nonlinear fluctuation data for the magnetic field (or the magnetic energy density, strictly speaking) are derived from the total fluctuation data by subtracting by the variance as δB 2 nl /B 2 0 = (δB 2 t − �δB 2 �)/B 2 0 , following the treatment introduced by Cohen and Kulsrud (1974) . Here the angular bracket denotes the averaging. It is worth mentioning that the sense of density fluctuation δn i is compared to the magnetic energy density δB 2 in our work, and not the linear field δB , because the pressure variation is proportional to the number density such that ∇p = c 2 s ∇ρ on the assumption of the adiabatic condition, p/ρ γ = const. (where p is the pressure, ρ the mass density, and γ the polytropic index), and the magnetic energy density is proportional to the squared field magnitude. The mean fields ( n i0 for the density and B 0 for the magnetic field) are obtained by averaging the data over the time domain (assumed to be constant over time). Both the total fluctuation data δB 2 t /B 2 0 and the nonlinear fluctuation data δB 2 nl /B 2 0 are used to study the density response to the magnetic field variation. 3. The density response to the magnetic field fluctuation is graphically and qualitatively studied by plotting the density fluctuation data as a function of the total magnetic field fluctuation in a scatter plot diagram. Examples are displayed in Figs. 1 and 2. 4. The density response to the magnetic field fluctuation is quantitatively studied by determining the slope or the coefficient of the linear relation between the density fluctuation δn and the total magnetic field fluctuation δB 2 t by using the least square fitting to a linear relation, minimizing the Chi-square quantity (Press et al. 1992) . Both the total fluctuation data δB 2 t and the nonlinear fluctuation data δB 2 nl are used. 5. The values of the slope are associated with the plasma parameter beta for each event. Here, we introduce the beta-tilde parameter defined as the squared ratio of the sound speed c s to the Alfvén speed V A such that β = c 2 s /V 2 A . The squared sound speed is computed using the relation c 2 s = γ k B T /m i , where γ = 5/3 is the polytropic index, m i the ion mass (for protons), k B the Boltzmann constant, and T = (T � + 2T ⊥ )/3 the scalar temperature for ions. The temperatures parallel and perpendicular to the mean magnetic field direction are obtained by the CIS experiment on board Cluster-1 and Cluster-3. Note that the electron data are not available in the data set we use here. The squared Alfvén speed is computed through the relation V 2 A = B 2 0 /(µ 0 m i n 0 ) , where µ 0 is the permeability of free space. The beta-tilde is related to the plasma parameter beta (the ratio of the thermal pressure to the magnetic pressure) by β /β = √ γ /2.
6. The slope diagram is constructed by plotting the slope of the density-magnetic field relation from the linear fitting (procedure 4) as a function of the betatilde parameter for the total fluctuation δB 2 t (Fig. 3 ) and the nonlinear fluctuation δB 2 nl (Fig. 4) .
Results
Sense of density response
Qualitative nature of the density response to the magnetic field fluctuation is in a positive correlation sense like fluctuations in the fast magnetosonic mode. The positive correlation sense is observed both in the low-beta and high-beta foreshock plasmas. Examples are displayed in Fig. 1 for a low-beta plasma and in Fig. 2 for a high-beta plasma. Time series plots of the relative magnetic energy fluctuation δB 2 t /B 2 0 and that of the ion number density δn i /n i0 are displayed in the first and second panels.
The correlation sense is studied by plotting the fluctuation amplitudes in a scatter plot diagram for the magnetic energy and the ion number density. The mapping is nearly unique between the ion number density fluctuation and that of the magnetic energy density within the statistical uncertainty. The fitting to a linear relation is applied to the density-magnetic field data, where c 0 is the offset or the ordinate of the relation and c 1 the slope coefficient. The fitting is performed by minimizing Chi-square error.
We obtain positive values of the slope coefficient, 0.518 ± 0.037 in the both low-beta case ( Fig. 1) and 0.367 ± 0.019 in the high-beta case (Fig. 2) . The error bar here represents a three-sigma value (for a nearly 95% confidence). A higher level of data scattering in the highbeta case (Fig. 2) than that in the low-beta case (Fig. 1 ) may as well originate in the co-existence of different wave modes or different stages of nonlinear wave evolution.
Beta dependence
The slope values of the fluctuation sense between the ion number density and the magnetic energy density are plotted against the beta-tilde parameter for the total fluctuations of the magnetic field (Fig. 3) and the nonlinear fluctuation of the magnetic field (Fig. 4) .
In the slope diagram for the total fluctuations (Fig. 3) , the slope values are overall positive and exhibit the character of fast magnetosonic mode irrespective of the value of the beta-tilde parameter in a range of 0.1 <β < 22 . Only few events exhibit barely negative slope values. There is a systematic trend in the diagram for the total fluctuations that the slope of the linear relation is steeper at lower values of β (below unity) and flatter at higher values of β (above unity). The slope can virtually uniquely be mapped to a given value of β .
An empirical relation between the density and the magnetic field can indeed be obtained for the total fluctuations as δn/n 0 ∝ c 1 δB 2 /B 2 0 , and the slope c 0 is associated with the beta-tilde parameter through c 1 = a 1 log 10 c 2 s /V 2 A + a 0 with the coefficients a 1 = − 0.183 ± 0.153 (which is the empirical scaling of the slope value to the beta-tilde) and a 0 = 0.383 ± 0.076 (the offset of the slope value). Here error bars represent again three-sigma values.
In the slope diagram for the nonlinear fluctuations (Fig. 4) , the slope values have a larger scattering over the The slope values are derived from the least square fitting: single response group in black, separate response group in diamond and gray, and overlapped response group in triangle and gray. Error bars indicated three-sigma for a confidence interval of about 95% both in the beta-tilde parameter and the slope estimates beta-tilde domain. Error bars are larger than that for the total fluctuation, too. The slope diagram is compared to the relation between the density fluctuation and the nonlinear magnetic field fluctuation derived from the theoretical expectation for the quasi-static balance (Cohen and Kulsrud 1974) , δn/n 0 = (2(1 −β)) −1 δB 2 nl /B 2 0 . Some data points agree in the low beta values ( β < 0.5 ), but the divergent shape of the slope values around c 2 s /V 2 A = 1 is not confirmed in the measurement.
We interpret that the concept of the quasi-static approximation is partly applicable in the foreshock plasma. Needless to say, an extended work with a larger number of foreshock plasma samples is ideal to validate our discoveries (empirical scaling for the total fluctuations; partial agreement with the quasi-static approximation).
Various reasons are possible to explain the mismatch from the theoretical curve for the quasi-static approximation. First of all, our identification of the nonlinear fluctuations follows the definition by Cohen and Kulsrud (1974) . One needs to subtract the linear-mode fluctuations and the wave mode identification is necessary to more clearly extract the nonlinear fluctuations from the measured fluctuations. Second, the concept of the quasi-static approximation originates in the fluid treatment of the foreshock plasma. Kinetic treatment by including particle motions and velocity distribution functions is certainly more suited to describe the foreshock plasma. Third, the ion number density data are used in our analysis. Electrons also contribute to the plasma temperature, and need to be included in further studies.
Lessons
Major findings or lessons about the density response to the magnetic field fluctuation in the foreshock plasma are summarized with discussions and hints for further tests or applications as follows.
1. The sense of the density fluctuation is positively correlated to that of the magnetic energy (squared magnetic field magnitude) both in the low-beta and highbeta plasmas, reminiscent of the fast magnetosonic mode. 2. The slope diagram for the total magnetic field fluctuation has a well-defined, clear scaling to the betatilde parameter (the ratio of the sound speed to the Alfvén speed). An empirical scaling law is established from the least square fitting to the measurement data. The total fluctuations contain a large number of linear-mode waves. We interpret that the clear relationship in the first-order fluctuations between the density and the magnet energy density represents a property of the linear instability mechanism. Gary (1991) reviews the ion beam instabilities under different conditions such as the beam temperature and the core temperature anisotropy, while keeping the core beta value as unity (Gary 1991) . Beta dependence of the fluctuation sense in the ion instability is an interesting discovery in our study and will be a subject for the linear instability analysis, e.g., using a dispersion solver. 3. An extrapolation of our result in Fig. 3 indicates that anti-correlation may be realized between the density fluctuation and that of the magnetic energy. On the other hand, there is only one time interval at a beta value above 10 in our study, we cannot make clear prediction if the empirical relation can safely be extrapolated to such high beta plasmas. An extension of the statistical volume in the data analysis or the linear instability analysis would be necessary to verify the high-beta limit of our empirical relation. 4. It would be an interesting task to study theoretically the beta dependence of the ion beam instability, in particular, if one can explain or reproduce the empirical scaling from plasma kinetic theories. Kinetic theory predicts that the pressure needs to be treated as a tensor, that is, not only the pressure but also the shear stress (e.g., bending and torsion) is important in the nonlinear behavior (Spangler 1990 ). In contrast, the concept of pressure is often used as a scalar quantity in the MHD picture. 5. The finding of the scaling law for the density response to the total magnetic field fluctuation has an immediate, interesting application to spacecraft measurements, that is, the value of beta can be estimated solely from the fluctuation data for the density and the magnetic field. If the density response to the magnetic field fluctuation is well understood and calibrated, one may use only the fluctuating fields to determine or constrain the beta value of the foreshock plasma using the scaling law. In other words, Fig. 4 The same panel as Fig. 3 but the slope is evaluated for the second-order nonlinear magnetic field fluctuation by subtracting by variance of the magnetic field fluctuation, δB 2 nl = δB 2 t − �δB 2 t � . Curved lines in gray are the prediction from the quasi-static balance with a slope relation to the beta-tilde (2(1 −β)) −1 one may be able to constrain the mean values such as the magnetometer offset value in the measurements. 6. The slope diagram for the nonlinear magnetic fluctuation does not exhibit a clear organization in the beta-tilde domain, at least in the data set we used. Agreement with the quasi-static balance is poor except for the low-beta values. Various reasons are possible to explain the different result from the expected curve from the quasi-static balance. For example, not waves but shocklets are being formed in the foreshock and the correlation sense remains positive irrespective of the value of beta, or the notion of the quasi-static balance needs to be extended to include kinetic or other effects such as temperature gradients or Landau damping. Magnetosonic-type low-frequency waves in the foreshock region are typically observed or recognized as 30-s waves, 1-Hz waves, shocklets, and SLAMS (short large-amplitude magnetic structures) (Greenstadt et al. 1995) . It is considered that the initially transverse 30-s waves with upstream propagation in the plasma frame become compressive under a refraction process. The compressive fluctuation results into steepening and low frequency steepened magnetosonic whistler modes can be formed (the so-called shocklets). 7. A slight phase shift is reported between the magnetic field fluctuation and the density fluctuation using the Cluster measurements (Stasiewicz et al. 2003) , in which the nonlinear momentum conservation equation of plasma fluid dynamics plays an important role. The magnetic energy is expressed as a function of the density, the polytropic index, the Mach number, and the beta parameter in the Stasiewicz model. Evaluation of the Stasiewicz model and investigation of the phase shift (between the magnetic field fluctuation and the density fluctuation) are an interesting logical extension of our study and will reveal the foreshock fluctuation property in more detail. The coefficient c 0 and c 1 may be extended to complex numbers, as well.
